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Abstract 
In this paper, using the approach of Hurwitz and the necessary conditions given in [4,6], we 
construct a third-order linear differential equation whose differential Galois group is the primitive 
subgroup Ff$ c ,X(3, C) of the order of 108. 
1. Introduction 
We refer to [4,5] for the definition of a differential Galois group and of a Liouvillian 
solution. In the computation of the Liouvillian solutions of third-order linear differential 
equations, 8 finite groups appear as special cases. Those groups are central extensions 
of the following finite primitive subgroups of PSL(3, C) [5]: 
(9 
(ii) 
(iii) 
(iv) 
(v) 
(vi) 
Ag, the alternating permutation group of 6 letters. 
Greg, the simple group of the order of 168. 
As, the alternating permutation group of 5 letters. 
H216, the Hessian group of the order of 216, which is isomorphic to the per- 
mutation group of 9 letters generated by the permutations (4,5,6)(7,9,8) and 
(L2,4)(5,6,8)(3,9,7). 
HI*, the normal subgroup of the order of 72, of the group i&r& 
F36, a normal subgroup of the order of 36, of the group H72 (there are 3 such 
groups, which are all isomorphic). 
A linear differential equation for the group Gr6s has been constructed by Hurwitz in 
[3]. For the group As, an example can be constructed by taking the second symmetric 
power of a second-order equation whose differential Galois group is the isosahedral 
group A? [4, p. 33; 5, p. 701 For the other groups, no example is known to the 
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authors. The aim of this paper is to construct a third-order linear differential equation 
whose differential Galois group is the group F:k3. 
The importance of the 8 finite primitive subgroups of SL(3,C) is shown by the 
following 
Theorem 1 (Singer and Ulmer [5, Theorem 3.31). Zf an irreducible third-order linear 
diflerential equation L(y) = 0 with coeficients in k has a Liouvillian solution, then 
L(y) = 0 has a solution z, such that for the logarithmic derivative u = z’/z of z, one 
of the following holds: 
(i) u is algebraic of degree 36 over k and g(L)/Z(g(L)) 2 Ae, 
(ii) u is algebraic of degree 21 over k and g(L))/Z(S(L) g G,eg, 
(iii) u is algebraic of degree 9 over k and q(L)/Z(Y(L)) is isomorphic to H72 or 
H216, 
(iv) u is algebraic of degree 6 over k and S(L)/.Z(B(L)) is isomorphic to F36 or AS, 
(v) u is algebraic of degree 3 over k and C!?(L) 5 GL(3, C) is an imprimitive group. 
For each group g(L) C GL(3, QY) the numbers given above are the best possible. 
The group Ff$ is generated by 
where w2 + o + 1 = 0 (03 = 1) and p = l/(w - 02) (cf. [5]). 
2, The approach 
We refer to [4,6] for definitions of singularities, exponents and symmetric powers 
of linear differential equations. 
We look for a third-order differential equation L(y) = 0 with 3 singular points st = 
0, s2 = 1 and s3 = co. According to [6], there must be 3 rational exponents at each 
singularity S; which are of the form ei,j = (ni,i/di,j) (j E { 1,2,3}) with gcd(nj,j, d,j) = 
1. We define lcmi = lcm(di,,,di,2,di,3). From Theorem 4.2 of [6] we get that if the 
differential Galois group of a L(y) = 0 is F:,, then for lcmi = lcm(di,l,di,2,di,3) 
we have the following possibilities for [lcmt, lcmz, lcms]: [2,4,12], [2,12,12], [3,4,4], 
l-3,4,121, [3,12,121, [4,4,61, [4,6,121, [Cl& 121. 
In order to construct an equation for [2,4,12], we use the same assumptions as in 
[3] on the exponents: 
(i) et,l, el,z, e1,3, e2,t, e2,2, ez,s are greater than -1 and e3,t, e3,2, es,3 are greater 
than 1. 
(ii) Cj(Cj ei.j) = 3 (Fuchs’s Relation). 
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This leads to a finite number of possible exponents, which in each case defines a one 
parameter family of linear differential equations (see [6, example pp. 20-211. 
According to [4, Table 2 and Lemma 3.51, the third symmetric power Lo3(y) = 0 
of a third-order linear differential equation L(y) = 0 whose differential Galois group 
is FE’ is of the order of 9 or 10. We are looking for a parameter value such that 
Los(Y) has order 9, which would exclude all other primitive groups as differential 
Galois groups (cf. [4, Table 21). 
For the sets of exponents {-i,O, 1) , {-i,-i,-i} and {$,:, g} at 0, 1 and co, 
such an equation could be found: 
L(y) = y”’ + 
14x - 5 
2x(x - 1) y” + 
17(29x - 20) , 1976x - 1895 
48x(x - 1 )2 ’ + 864x(x - 1)3 ” 
But the differential Galois group of this equation is not in SL(3, C), since the coefficient 
of y” is the logarithmic derivative of xe516(x - 1)-3/2 which is not a rational function 
(cf. [5, Theorem 1.21). In order to get a differential equation with a differential Galois 
group in SL(3,@), we perform the variable transformation y = z * xe516(x - 1)-3’2. 
After renaming the variable z to y, we get the following differential equation: 
L36(y) = Y”’ + 
5(9x2-4x+4) , 
48X2(X - 1)2 y - 
5(81x3 - 58x2 + 102x - 44) 
432X3(x - 1)s Y 
whose sets of exponents at 0, 1 and m are {$,i, $}, {i, 1, i} and {-$,-1,--z} 
(computated in AXOM using the implementations of Bronstein). According to [6, The- 
orem 4.11, the list [4,4,6] still corresponds to the group FtF and to no other finite 
primitive subgroup of SL(3, C). 
3. The proof 
We now use the results of [4,6] to prove that the differential Galois group of the 
constructed equation L36(y) is F$. We refer to [4] for the definition of reducibility, 
imprimitivity and primitivity. We first show that the differential Galois group is irre- 
ducible and not imprimitive. Since the third symmetric power Lz 3(y) = 0 is of the 
order of 9, the differential Galois group which is primitive must be @. 
3.1. Reducibility 
The irreducibility of the equation L36(Y) follows from [6, Corollary 3.31, The equa- 
tion and its adjoint Lz6(y) are both of Fuchsian type. The exponents of L;,(y) at 0 are 
4 -_ -9, and -y, at 1 are -$, -2, -z and at 00 are 4, 5 and s. Thus, neither 
fo: ‘L,,(y) nor for L&(y), the sum of 3 exponents from each singularity can be a 
non-positive integer. 
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3.2. Imprimitivity 
According to [6, Theorem 3.41, the differential Galois group of L&) is imprimitive 
if and only if the third symmetric power (cf. [4]), (L36)03 (y) = 0 has a solution which 
is the square root of a rational function. Such a rational function must be a solution 
of (L36)06 (y) = 0. Using the algorithms described in [2] and the corresponding 
implementations in MAPLE done by the authors, we get that (L36)06 (y) = 0 is an 
equation of the order of 18, whose rational solution space is spanned by (X + 1)2x5. 
Since d(m is not a solution of (L36)03 (y) = 0, we get that 9(L) is not a 
imprimitive subgroup of SL(3, C) 
3.3. Primitivity 
By construction, the third symmetric power (L36)03 (y) = 0 is of the order of 9. 
From [4, Table 21, we must have that, if the differential Galois group of L3&) is a 
primitive group, then it must be F$. 
4. Conclusions 
The construction of examples of third-order linear differential equations is important, 
since almost no such example exists. This allows to test the algorithms for linear 
differential equations in interesting situations. 
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